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Abstract. We consider some families of 3-index generalizations of the Bessel functions of first kind
and study the behaviour of such families in domains of the complex plane. We also prove asymptotic
formulae for "large" values of indices of these functions. Similar theorems have also been obtained
by the author for the Bessel and Bessel-Maitland functions.
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INTRODUCTION

Let us mention first the so-called Bessel-Clifford functions Cy(z), closely related to the
Bessel functions Jy(z),
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k=

veC,

which are entire functions of z. Generalizations of the Bessel functions (more precisely,
of the Bessel-Clifford functions) involving one more additional index p have been
introduced by E.M. (Maitland) Wright [12], called Wright functions or misnamed in
the literature also as Bessel-Maitland functions, namely:
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For details, see Marichev [6], p.109; Kiryakova [3], p.336, [5] etc. Further generaliza-
tions of Jy (z) have been considered with additional new parameters, like the generalized
Bessel-Maitland (or Wright) functions (Pathak [10]):
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In particular ([6], p.110; [3], p. 352-353):

Tuo@) = (@) Jyo) = (/2" (2 /4), Jy(2) =Cv(2). (3)
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AUXILIARY STATEMENTS

Consider now the generalized Bessel-Maitland (Wright) functions (2) for indices of the
kindv=n—-2A;n=0,1,2,...,

PRV (=1)*(z/2)*
heal@=/2) k:ZO TA+k+ DD(n—A+kp+1)°

zeC. (4)

Remark 1. Note, that it is possible some coefficients to vanish, depending on the
values of the parameter A, that is there exist numbers p € Ny, s € N such that the identity
(4) can be written in the following form

_ n (=D)P(z/2)*
ha@ = (/2) (F(7L+p+l)l"(n—7t+pu—|—l) ®)

k=p+s

—1)*(z/2)*
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It is not difficult to see that these are entire functions of z ([4]).

Remark 2. We use the denotations R~ (resp. R™) for the sets of negative (resp.
positive) real numbers, Z~ (resp. N) for the sets of negatlve (resp. positive) integers
and ZO =7 U {0} and also ap = bk m Ck = akbk, k=
0,1,2, ....

T/x+k+ 0>

We consider four main cases.

Lemma 1. [f A € C, but A is not negative integer or positive real number, then p =0
and s = 1.

Proof. Obviously, A +k+ 1; n— A +ku + 1 are not non-positive integers and because
of that ¢, # 0, for all the values of k. n

Lemma 2. If A is negative integer, then p = —A and s = 1.

Proof. Since A belongs to Z~, then n — A + ku + 1 are positive numbers for all k and
A+k+1¢Zy fork>—A,idestcy =0for0 <k <—Aand ¢y #O0forallk > —1. =
Lemma 3. If A is positive non-integer real number, then p=0and s =1 or s = 2.

Proof. In this case gy are positive numbers for each k = 0,1,2, ... and by # 0 but it
possible some of the rest by to be zero. Now, let k = 1, then two possibilities exist: Or
n—A+u+1¢7Z;,and then by # 0 either n—A +u+1 € Z; , and then b; = 0. Second
case is possible only if u ¢ N, but then n — A +2u +1 ¢ Z; and by # 0. So, there are
two possibilities, namely, c¢o # 0,¢; # 0 or ¢o # 0,¢; = 0, but ¢; # 0. L]

Lemma 4. If A is positive integer; then
1.p=0ands=1 for n> A,
2.p=lands=1or s=2 for 0<n<A, u¢N,

3.p:[%}+lands:l for 0<n<A,pueN.
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Proof. First, let n > A. Then n—A +1 >0, A +k+1 > 0 and therefore all the
coefficients ¢; # 0. Now, let 0 < n < A. Then all g; are positive but n—A +1 € Zy
and because of that by = 0. Further if y ¢ N, then b; # 0 and, like in Lemma 3, b, # 0
orby=0but b3 #0. If u € N, then n— A +ku +1 € Z and therefore by = 0 for

k< 22121 thatis by > 0 for k> 221 So, ¢, = 0 for 0 < k < [l;; 1} and ¢ # 0 for

kz{lnl}_,’_l .

The above proven lemmas show that the functions J: 532 (2) can be written in the
form '

u (= )(Z/Z)HHP u
2128 = T(A+p+1)T(n—A+pu+1) (Hen*%/l(z))’
with
> L, TA+p+1D)I(n—A+pu+1) rz\2k-p)
u — _1)k—p hd
p>0, s>1.
MAIN RESULTS

Our aim is to estimate the entire functions 9 o 4(2). To this end we transform the
expression in the equality (6) that leads to the 1dent1ty

u
en 27L7L

FA+p+)I(n—A+pu+1) & (=P p rz)\26k-p)
@)= Fn—2A+(p+s)n+1) L L(A+k+1) (’)

b

k=p+s 2

with
Fn—2A+(p+s)u+1)

F(n—A+ku+1)

Remark 3. Remind, for using in the further considerations, that there exists a number
1 < o < 2 such that Euler’s Gamma function I'( ) is on the increase for o < ot < o0

and on the decrease for 0 < @ < 0 and on the set R™ of the positive real numbers I'( )
has its absolute minimum in the point o, that is I'(ag) = mIqur I'a).
[e4S]

Theorem 1. Let A = 0. Then
I(n+1)
891 = i (90

1
8 202 < Fer T (p<

Ye =
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C(n+p+1)

I'(n+ku+1) and

Proof. Because of Lemma 1, wehave p=0, s=1, % =

u 'rh+1) & (- 2\
6, 21/1() T(n+p+1) k;rk+1 (2) ’

whence

n+1 > 2
e et B

In view of Remark 3, we can write 0 < %, < 1 forn € Nand 0 < §, < (( >) forn=0
that proves the theorem. ]

)~ rm)

Proof. According to Lemma 2, p = —A and s = 1 and therefore (7) takes the form

Theorem 2. Let A € 7, then

IF'n—A—Au+1)
60 1020 ST+ Ap) o T (g (-

22
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o (0) = IFn—A—Au+1) = (=1)kP oy (E)Z(k—p)
222 \% Cin—A+(1-A)u+1), S T(A+k+1) \2 ’
with
_Tn—=2A+(p+1u+1)
T T —Atkp+1)
Since
7,:(n*/l+(p+1)u)x A+ (p+ D) T(1+(p+1)u)
g (n—A+ku) (1+ku) T(1+ky)
then

C(1+(1-A)p)
DTS T

Using denotation
_(=DEP o pz\20k-p)
W) = F e (2) ’

we obtain consecutively

b b Y 2k
£ = Lt - £ bR (5"

k=p+1 k=1 k=1
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Msz
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k=p+1

C(1+p—Ap) (12/2P)"
C(k+ 1)C(1+ku—Ap)

k=1
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_ < (12/212)* !
=T(+p—Ap) (kzzo C(k+DT(1+ku—Ap)  T(1 —M‘)> ’

whence the conclusion of the theorem immediately follows. L]

Theorem 3. Let A € R~ \ Z, then there exists an entire function T such that

Tn—A+1) & (lz/2D*

(n—A+u+1) k;|1"(7t+k+1)|

16,222 4@ < ITA+1)] & t(|z*/4:4).

I(n—A+p+1)
Tln— Ak r1)

(D" n %
lF(7L+k+k1) (E) ’ (8)

Proof. Now, due to Lemma 1, we have p =0, s=1, y% = and

I'n—2A+1)
(n=A+p+1) f

agk

nfm’k(z) =T(A+ 1)r

respectively

Tn-A+1) & (/22
n—A+ut1) & TA+k+1)]

16,224 () < ICA+ 1|5

Further, the increase of the Gamma function leads to the inequality 0 < % < 1forn e N

andn:Obutlfl+u2aowherea80<}/k§ﬁforn:Oandl<lfl+/,t<0(0.

. . _ L) _ 1 Ay 2t
Finally, getting C = max (17 7(050)) = ap) and 7(z;A) =C kgl T Ve complete

the proof of the theorem. ]

Theorem 4. Let A ¢ R, that is A = A1 +idy (A1,A2 € R, Ay # 0), then there exists
entire functions ¢ and @1 such that

u T(n—A+1)| 2.
16, 212 <IC(A+1)] To—A+ptD)] o(|z* /47, 1)
forn> Ay and
u C(n—2+1)] -
183224 @1 < [P+ Dl = gy @/ 4.0)

for0<n<A.

Proof. Analogously to Theorem 3, p =0, s = 1, and identity (8), like in Theorem 3
and with the same ¥, expresses 6! ,, ().

First, we consider the case n > A,. Following the idea of the proof of Theorem 2, we
obtain the estimate

T+ 1= +u—id)|  [T(A]+1-A+p)|
D]+ 1— A+ kit —ida)]  D(A1]+1—A+kp)|

%l <
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Now, let 0 < n < A;. Then because of the convergency of the sequence {7y },_;, it is
bounded and therefore there exists a constant C such that || < C for all the values of k.
Eventually, the proof ends taking

oo k

. B _ Z
¢(zA,p) = T[] +1 A*“”ghnz+k+UHMd+l—l+Mm’

oo

and @1(zA, 1) = Z m L]

Let Eq g (z) and E(1/p1.1/p2).(u.1o) e respectively the Mittag-Leffler function and its
multi-index (two-index) analogue, namely

k

Ea,B(Z):IgE) m, (>0, p>0),

oo Zk

E(l/p]vl/pZ)a(“h/—lZ)(Z) = kg‘(') r ([.1.1 N L) (/.1.2—|— L) , (p1>0,p2>0).

The detailed properties of these functions can be found in the contemporary monographs
[2], [3], and [11], for details see [4], [5].

Theorem 5. Let A € RT\N, then forn > A

I'n—A+1)
I'n—A+su+1)

16,21 2@ STA+DI(A] = A +sp+1)

® 1
(E(l,u) (A+1,[A]—A+1) (|Z| /4 ) ()L—FI)F([?L]—FI—)L)) ’
and there exists a constant C such that for 0 <n < A

T(n—A+1)]

1
62 5, 23] SCF(AHNF@*AH”H)\ (El/m (I21%/4) - M)

L(n—A+su+1)

T A+turn and

Proof. According to Lemma 3, p=0,s=1lors=2, % =

m 'n—A+1) > z 2%
01212 (3) = F(AH) F(n—A+su+1) ,;SF/’HH 1) (2> ’

respectively

F'n—A+1)
I'n—A+su+1)

|9,ft_217;\ (@I <T@ARA+1)

i (1z/22)"

T(A+k+1)

|-

For n > A, in the same way like in the proof of Theorem 4 we get to the inequality
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D(A]+1— A +su)
O<%= FAI 1= A+kn)

for all k > s that immediately ends the proof.
The case n < A, again goes in the same way like in Theorem 4. L]

Theorem 6. Let A € N, then

I'(n—A
|0572/1’;L(z)| <T(A+1)T(u+1) 1"(n(—/l+::—ls—)1) ( ((;21),1)(1,“1) (|z|2/4) — m>

for all n > A and there exists a constant C such that for 0 < n < A holds

IF'(n—A+pu+1)

1
6. =2+ (p+)n+1) (E“v““(|Z|2/4>_m+1)>

o2 (D SCT(A+p+1) T

with the corresponding p and s.

Proof. Beginning with the case n > A, we have, according to Lemma 4, that p =0, s =
1 and identity (8), like in the proof of Theorem 3, expresses 65 o A(Z>’ with the same

T(u+1)

k1) for

Y. Then, like in the proof of Theorem 2, we get to the inequalities 0 < ¥, <
all £ € N and therefore

3

(1z/2P)"

I'n—A+1)
T(A+k+1)

(n=A+p+1) f

16,2224 ST(A+ 1)

D=2+ )T+ 1T +1) (ir (Iz/22) 1 )

= T(n—A+p+1) = Dk + DA +k+1) T(A+1)

In—A+1)TA+ )T (u+1) 1
- C(n—2A+p+1) <E((A2L)-,1)<1,A+1> (I=F/4) _F(7L+1))

foralln > A.
The proof of the case n < A become in the same way like in Theorem 4, using the
inequalities (A +k+p+1) >T(A +k+1) > 0. "

CONCLUSION

By the way, using connection (3), similar estimates for functions like (1) and the Bessel
functions can be obtained, just as a particular case of the above given. Such inequalities
are recently considered and used by the author to study series convergency ([7]-[9]). By
means of these estimates and using Stirling’s formula (see e.g. [1]) one can obtain the
following result.
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Theorem 7. Let it > 0. Then the generalized Bessel-Maitland (Wright) functions (4)
satisfy the following asymptotic formula
Jﬂ ( ) (_l)p(z/z)n+2p
Z =
=24, TA+p+1)I(n—A+pu+1)

(1+9:72L;L(Z)), )

n—

ot (@) =0 as n— o

On the compact subsets of the complex plane C convergence is uniform and

6", () = 0(}#), (n €N) (10)

with the corresponding s € N, depending on A.
The proof is evident. m
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